USING BRICK PARΊTΠONINGS TO ESTABLISH CONDITIONS WHICH INSURE THAT A PEANO CON-TINUUM IS A 2-CELL, A 2-SPHERE OR AN ANNULUS RICHARD SLOCUM
Using brick patitioning, sufficient conditions are established for a subset of a Peano space to be locally euclidean. If M is a Peano space with no local cut points and S is a subcontinuum of M, has no local cut points, is the closure of a domain in M, has connected complement and contains a point x such that every simple closed curve in S not passing through x separates M, then S is a closed 2-cell, a 2-sphere or an annulus.
Three corollaries to the main theorem are started here. If M is a Peano space with no local cut points and for each point x e M, there is a neighborhood U of x such that every simple closed curve in U -x separates M, then M is a 2-manifold. If M is a Peano space with no local cut points and, for some m ^ 1, every disjoint union of m simple closed curves separates M, then M is a 2-manifold. If M is a Peano continuum with no local cut points having a collection C of m(m ^ 0) simple closed curves such that any simple closed curve in M belongs to C if and only if it does not separate M, then (1) M is a 2-manifold with boundary U C and (2) M is a subspace of a 2-sphere.
The main theorem and first corollary are generalizations of theorems proved by Gail Young in [6] .
The proof of the main theorem uses brick partitionings, the Kline sphere characterization [3] , and the construction used in the proof of the Kline theorem to show that a certain set satisfies the conditions of Zippin's characterization of a closed 2-cell [5; page 92, Theorem 5.2] . R. H. Bing developed the concept of partitioning in [2] to solve the convex metric problem. Bing first proved the Kline theorem in [1] . He proved the Kline theorem again in [3] by using brick partitionings. When we speak of the Kline theorem in this paper, we shall speak of the form of the theorem in [3] . Thus the Kline theorem and the main theorem are closely related. The relationship is apparently best observed by the use of brick partitionings.
Several other corollaries to the main theorem are presented.
1* Preliminaries* For definitions of standard point set terms, the reader is referred to [5] , while for terms concerning partitioning the reader is referred to [3] .
We begin by making precise certain terms which are not universal. 2* Main theorem. One way to prove that a Peano space is a 2-manifold is to show that each point of the space has a closed 2-cell neighborhood. It is sufficient to show that each point has a neighborhood which is a 2-manifold. Such a neighborhood might be a closed 2-cell, a 2-sphere, or an annulus. The main theorem yields sufficient conditions which will insure that a set is a closed 2-cell, a 2-sphere, or an annulus.
Actually, the main theorem is really two theorems; the first theorem being a special case of the second theorem. It appears to be easier to prove the theorem for a special case first and then apply the special case to the proof of the more general case.
Each proof utilizes brick partitionings. We define the E metric on K for x e if, y e K as E(x, y) is the greatest lower bound of the diameter of all connected subsets of K which contain x and y. One problem which arises when one is dealing with a set with property S occurs when one desires to partition the set in such a way that the boundary has certain properties. When this happens, one would rather deal with a set which is uniformly locally connected. But if a set has property S and is connected and locally connected, it is uniformly locally connected under the E metric. The E metric also preserves the original topology. 
, n the diameter of each g { is less than ε, g { Π / consists of more than a point and g { Π g 0 Φ 0.
The remainder of this proof is given in sectionalized form. It will be convenient at times to denote J by J n+1 .
Each
, n has connected complement in M.
Proof. Proof. Each g i has property S, hence each g i has property S. Since for compact spaces property S and local connectivity are equivalent properties, each g { is locally connected. Thus each #; is a Peano continuum. Note that no g t is all of M. By Lemma 2.1 and 2.31, each fa has a simple closed curve /; which does not separate g { , while Bd <ji a Ji. If j Φ n + 1, then from the properties of G, D -(g { (J g,) is a connected set. Now g { -J' contains a limit point of D -(</; (J <7;) and <; , • -J' contains a limit point of
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The diameter of /' is less than 2ε, thus
Hence M -J f is connected. Thus /* Π Jy is connected. Proof. Let xzy be an arc spanning /. Suppose some proper closed subset K of xzy separates a point p from q in 5. We may choose p and q to be in i?. Let a denote one of the arcs of J with end points x and y. Now a U i£ is contained in an arc λ c a (J ##2/ which separates p from g. Thus some subarc β of λ irreducibly separates p from g. Since a does not separate space, one of the end points of β belongs to R. By Theorem 1. There are two cases. We shall reduce the second case to the first case. This also proves that Bd DaJ. For if y e Bd D Π i?, then ε may be chosen so that y e g Q . Since g 0 is a closed 2-cell and y is not a local cut point of My one may construct a simple closed curve J r in g 0 -x' -y which separates g 0 into two components each of which intersects Bdi3. Then J f does not separate in M. That D is a closed 2-cell with boundary / follows from Theorem 1.3.
belongs to the closure of a domain D such that D is a Peano continuum with no local cut points and M -D is connected (or empty). Suppose also that every simple closed curve of D not passing through x f separates M. Then D is a closed 2-cell, a 2-sphere, or an annulus.

Proof. Let δ < diameter Bd
(a) There is an arc spanning /.
Proof. Let x, y, zeJ be such that {x, x'} separates y from z on J. There is an arc a from y to z in D -{x, x'}. Then a Π R Φ 0. By using the order topology on a, one easily obtains a subarc of a which spans J. Proof. Suppose xzy is an arc spanning /. Suppose some proper closed subset K of xzy separates a point p from q in D. We may choose p and q to be in R. Let 7 denote one of the arcs of J with end points x and y. Now 7 U K is contained in an arc λ c 7 U xzy which separates p from q. Thus some subarc a of λ irreducibly separates p from g. Now one of the end points of α, say r, is in R. Choose ε so that ε < d(r,J). Then reg 0 . Let G be a closed 2-cell neighborhood of r such that Gag 0 and G Π α -/3 and arc with one end point r and other end point t. But β does not separate G, hence the subarc of a with end points s and ί separates p from g in Zλ But a was irreducible with respect to that property. 3* Characterizations of 2-manifolds* The next result is an improvement of Young's characterization of 2-manifolds [6; Theorem 1.1], in that for each point x of the space one needs only to find a neighborhood such that every simple closed curve in that neighbor- Proof. This is the special case in which D -M in Theorem 2.6. Obviously, M is not an annulus.
The following theorem is not a characterization of 2-manifolds. However, the converse of the theorem is well known for compact 2-manifolds. Thus we may consider the theorem a characterization of compact 2-manifolds. The usefulness of Theorem 2.6 is demonstrated in the proof of this theorem. Proof. We first prove the existence of a collection of m disjoint simple closed curves of M. Choose m distinct points of M and let ε be less than one-half the minimum distance between any two of the points. By Lemma 2.5 each of these m points has a neighborhood of diameter less than ε, such that each of these neighborhoods is a Peano continuum with no local cut points. It is well known that each of these neighborhoods has the property that every two points of the neighborhood are contained in a simple closed curve in that neighborhood. See [5; page 85, Theorem 3.32] . Thus each neighborhood contains a simple closed curve, and we have shown the existence of a disjoint collection of m simple closed curves.
Choose m so that m is minimal with respect to the property stated above. If m = 1, then M is a 2-sphere by Theorem 1.2. Suppose m > 1. Then there is a disjoint collection K of m -1 simple closed curve S ly S 2 , , S m _ x whose union does not separate M. Then every simple closed curve in M -\JK separates M. Letting M -U^ be both the U and M of Theorem 3.1 M -U^ is a 2-manifold.
Let 2/eS< 1 <. i <. m -1. Suppose £< may be replaced in if by a simple closed curve Sί where y 0 SI and such that K', the set formed by replacing S* by Si in if, is also a disjoint collection of m -1 simple closed curves whose union does not separate M. Again, by Theorem 3.1, M -\JK' is a 2-manifold. Thus y has a closed 2-cell neighborhood.
Suppose every SI which replaces Si in K passes through y. By Lemma 2.5, y has a neighborhood G such that for i Φ j, G Π S 3 -0, G is a Peano continuum with no local cut points, and M -G is connected. Now every simple closed curve in G -y separates Λf Thus, by Theorem 2.6, G is a closed 2-cell, a 2-sphere, or an annulus. Then y also has a closed 2-cell neighborhood. Then M is a 2-manifold.
One is also interested in knowing what Peano continua may be embedded in 2-spheres. The previous theorem is helpful because we can in many cases show first that a Peano continuum in a 2-manifold and then show that the 2-manifold is homeomorphic to a subspace of a 2-sphere. Proof. The proof will be done by induction on the number of elements in C For n = 0, M is a 2-sphere with empty boundary by Theorem 1.2. Suppose that the theorem is true for any space satisfying the conditions of the theorem where C has n elements. Let M be a space satisfying the conditions of the theorem where C has n + 1 elements. By Theorem 3.3, M is a 2-manifold. Let T be closed 2-cell with boundary / and h: J->J 1 SL homeomorphism. Let M f be the disjoint union of M and T obtained by identifying each xeJ with h(x) e JΊ Note that M' is also a 2-manifold and M is a subspace of M'.
Suppose M r contains a simple closed curve J' which intersects T but does not separate M'. Since M r is a 2-manifold, J' may be altered near T to form a new simple closed curve /", which does not intersect T, does not separate ΛP, and agrees with J f near each of J 2 , , J n+1 . But J" does not separate M either. Hence J'eJ l9 • *,J n+1 .
Thus M f satisfies the conditions of the theorem for the collection C = {J 2 , •• ,J n+1 }. By the induction hypothesis, M' is a 2-manifold with boundary \JC and M r is a subspace of a 2-sphere S. Since M is a subspace of M', ikf is a subspace of S and has manifold boundary \JC.
As a corollary we have the following characterization of an annulus. It is also true that by considering a disjoint union with a closed 2-cell the following theorem is a direct corollary of Theorem 2.6. Proof. Every disjoint union of three simple closed curves separates M. Thus by Theorem 3.4, ikί is a 2-manifold with manifold boundary J λ U / 2 and is also a subspace of a 2-sphere. 4* Almost 2-manifolds* We shall say that a Peano space P is an almost 2-manifold if P contains a domain D which is a 2-manifold and D = P. In particular, we shall consider the case where P is a Peano space with no local cut points, xeP, and JD = P -x is a 2-manifold. The reason for the interest in this case arises from the proof of Theorem 2.6. The proof essentially consists of showing that D is a 2-manifold knowing that D -x' is a 2-manifold. The question of just how badly does a space need to behave in order that it fail to be a 2-manifold because of a singleton point is answered in this section.
Almost 2-manifolds may also arise by considering quotient spaces. If M is a space and J a simple closed curve of that space, let M/J denote the quotient space obtained by identifying /to a point. 
